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A triangle geometry is a rank 3 incidence geometry, or more generally a 
rank 3 chamber system, in which the rank 2 residues are projective planes 
(the reader should refer to Section 1 for precise definitions). Part of the 
motivation for studying triangle geometries is the fact, proved by Tits [ 161, 
that they all arise as quotients of certain afflne buildings. This aspect of the 
subject has group theoretical ramifications (discrete, torsionfree subgroups of 
Z,(K) for a local field K) and is discussed in (1.6). However, this paper is 
mainly geometric in nature and presupposes very little more than the 
definition of a projective plane and a willingness to deal with the relatively 
recent concept of a chamber system, explained in Section 1. A reader who 
wishes to skip the (elementary) group theoretical results of Section 2 can go 
straight from Section 1 to Section 3 with no loss of understanding. 
What we do in this paper is the following. Section 2 investigates trivalent 
triangle geometries d which admit a group of automorphisms acting 
regularly on the set of chambers (the prominence of this special case is 
explained below). We prove (2.5) that the building covering d (see below 
and (1.5)) admits one of four groups, given by generators and relations. In 
three of these cases we exhibit finite triangle geometries of the appropriate 
type and prove whether or not they are flag-geometries (i.e., incidence 
geometries whose maximal flags are the chambers of the appropriate 
chamber system). The remainder of the paper is devoted to the study of tight 
triangle geometries. These are defined to be triangle geometries whose 
geometric realization (1.4) has exactly one vertex of each type. As explained 
in (1.6), these geometries arise from buildings of type x2 which admit a 
group acting regularly on the vertices of a given type, and Theorem (6.2) 
gives a presentation of this group in terms of one of the residual planes of the 
tight triangle geometry. Section 3 gives a method of constructing tight 
triangle geometries using difference sets; in particular we prove that any 
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finite Desarguesian plane gives rise to a tight triangle geometry which admits 
the full Singer group of the plane, together with its multipliers. Section 4 
deals with a special class of tight triangle geometries, which are obtained 
using a special set of antiflags in a projective plane. Section 5 gives some 
examples involving the plane of order 2, and Section 6 gives a presentation 
for the fundamental group of a tight triangle geometry (mentioned above) 
and some remarks on apartments and homology. 
If A is a finite triangle geometry, then results of Chermak 121, Niles [8], 
and Timmesfeld [ 141 show that A cannot admit an automorphism group 
such that PSL,(q), q # 3, is induced on the q + 1 chambers containing a 
panel (see Section 1 for notation), and the method of Niles extends to the 
case q = 3 for triangle geometries. This implies that one cannot hope for the 
automorphism group of A to be transitive on chambers except in the special 
case where the residual planes will admit a group transitive on the flags but 
not containing P&5,(q) acting naturally on a line. The only known finite 
examples of such groups are Frob(21) on PG(2,2), and Frob(73.9) on 
PG(2, 8). The Frob(21) case is investigated in Section 2, and Frob(73.9) 
appears in (4.7). In a forthcoming paper, Kohler et al. [6] exhibit some 
examples of the Frob(21) case which they discovered independently, and 
some theorems on the universal covering groups G, through G, which are 
introduced in (2.5). 
1. DEFINITIONS 
A chamber system [ 161 is a set Q whose elements are called chambers, 
together with a set of equivalence relations on 0 called adjacency relations, 
one for each i E Z, where Z is some indexing set. The cardinality of Z is called 
the rank of@. 
(1.1) EXAMPLE. Let 5%’ be the set of flags of a projective plane, and call 
two flags point (or line)-adjacent if they share a common point (or line). 
Using these two adjacency relations one has a rank 2 chamber system. 
Figure 1 exhibits the projective plane of order 2. The seven vertices l,..., 7 
are its points, and the seven circled vertices are its lines. The 21 edges are 
the flags of the plane (or chambers of the chamber system). 
(1.2) Residues, panels, and connectivity. A residue of cotype J will mean 
an equivalence class of chambers under the adjacency relations provided by 
all j E J. Clearly such a residue is itself a chamber system indexed by J, and 
as such it has rank IJJ. The rank 1 residues are called panels. A chamber 
system Q indexed by I is called connected [ 161 if the only residue of cotype 
Z is Q itself. In this sense every residue is connected, and in this paper all 
chamber systems are assumed to be connected. 
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FIG. 1. Note: (i,j) . (k, I) = (i + /~,j2~ + I). 
(1.3) Triangle geometries and K, geometries. A triangle geometry will 
mean a rank 3 chamber system (or its geometric realization-see (1.4)) for 
which all the rank 2 residues are projective planes (as in (1.1)). More 
generally a K, geometry will mean a rank n chamber system for which all 
rank 2 residues are projective planes. 
(1.4) The geometric realization and flag-geometries. In [ 10,2.1] it is 
shown that a chamber system 0 of finite rank n is equivalent to a certain 
type of cell complex AQ of dimension n - 1. (The reader should beware that 
this AQ is different from the A0 of Tits [ 161.) The cells of AB are simplexes 
(so AQ is what is called a regular cell complex), but AQ may not be a 
simplicial complex because two simplexes of A%?’ may meet in more than a 
face of each. This geometric realization of Q can be described as follows. 
The simplexes of AQ are precisely the residues of Q of cotype J where 
J# I. A simplex u of type J is a face of one r of cotype K if K c J and if the 
chambers of t are a subset of those of 6. The rank (n - 1) residues are 
vertices. One can recover the chamber system from its geometric realization 
by taking the simplexes of maximal dimension (n - 1) as chambers. 
In the case of a triangle geometry, the vertices are the rank 2 residues, and 
the edges joining these vertices are the panels (rank 1 residues). Each 
chamber is a 2-simplex containing three vertices and three edges, one of each 
of the three possible cotypes ({ 1 }, (2), {3} for panels and ( 1,2}, { 1,3}, 
(2,3 } for vertices, where I = { 1, 2, 3 }). Our definition of a triangle geometry 
does not require that this geometric realization be a simplicial complex. The 
most extreme case is that of a tight triangle geometry, in which there are 
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only three vertices (one of each cotype), so that every panel of cotype {i} is 
an edge between the same two vertices (of cotype {i,j} and {i, k}, where 
{i,j, k} = I), and every chamber contains the (same)) three vertices. For 
example, if the planes have order q, there are q* + q + 1 edges of each type, 
and (q + l)(q* + q + 1) chambers. Sections 3, 4, and 5 are concerned 
exclusively with tight triangle geometries. 
Suppose now that d is a triangle geometry whose geometric realization is 
a simplicial complex. In this case any two vertices lie on at most one 
common edge, and we call two vertices adjacent if they have an edge in 
common. One can then ask if any three mutually adjacent vertices are the 
vertices of a chamber. If this is the case we shall call d a flag-geometry, 
because the chambers are the maximal flags in the sense of Tits 115, 
Sect. 2.11. For example, the triangle geometry A for L,(2) (as in (2.7)) is a 
simplicial complex but is not a flag-geometry. This was first noticed by 
Timmesfeld, Ashbacher, and S. D. Smith; see the argument preceding (2.11) 
for an elementary explanation. In Section 2 we shall show whether each 
example is or is not a flag-geometry. 
(1.5) Universal covers. By definition [ 161 0 is a 2-cover (or simply a 
cover) of Q, if there is an adjacency preserving map K: 0-1 Q which 
restricts to an isomorphism on every rank 2 residue. Every chamber system 
B admits a universal cover @ ([lo] and [ 16 I), and Q is obtained from @ by 
factoring out the action of a group of automorphisms acting on 0. If Q has 
rank 3 (for example, a triangle geometry), then the map 71: @ -+ g induces a 
topological covering An: A%?+ AS of geometric realizations (see, for 
example, [ 10,2.3 1). In this case the group one factors out to obtain Q from 
@ is the topological fundamental group ofA%?. 
(1.6) Digression on buildings. A beautiful theorem of Tits [ 161 proves 
(amongst other things) that the universal cover of a triangle geometry A is an 
affine building 9 = d: This means that A is obtained from 9 by factoring 
out ~~(4) which acts fixed point freely on 9. Examples of such buildings 
arise from S&(K) where K is a field with a discrete valuation, such as the 
rationals Q with the p-adic valuation (see [ 11). The rank 2 residues are 
projective planes for X,(k) where k is the residue field of K (for example, 
k = F, above). Given such a situation let n denote a discrete, torsion-free 
subgroup of X,(K), and let P be the stabilizer of a simplex. Since P is a 
bounded subgroup, and a bounded discrete set is finite, it follows that Pn17 
is finite and torison-free, hence the trivial group. Therefore n acts fixed point 
freely on 9, and so the quotient space A is a triangle geometry. Notice that 
A is a tight triangle geometry if and only if 17 is transitive (and hence 
regular) on the vertices of any given type in 9. It would be very interesting 
to have a characterization of those tight triangle geometries whose universal 
covers are affine buildings arising from X.,(K) as above. 
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2. TRIVALENT SYSTEMS WITH REGULAR AUTOMORPHISM GROUPS 
The word trivalent means that each panel lies on three chambers, or in 
other words that all rank 1 residues have three chambers. 
Let G be a group with subgroups X, ,..., X, all isomorphic to Z,, and such 
that (Xi, Xi) g Frob(21) (the Frobenius group of order 21) if i #j. Now 
form a chamber system Q as follows: chambers are elements of G, and two 
elements g and h are i-adjacent if g/z-’ E Xi, for i = l,..., n. In other words 
the panels (see (1.2)) are right cosets of the Xi. Notice that G acts regularly 
on Q (i.e., on the chambers of ul) by multiplication on the right. Each 
residue of type {i,j}, i # j, is a right coset of (Xi, X,), and is clearly 
isomorphic to the system given by the group (Xi, Xj) with i- and j- 
adjacencies, which is the projective plane of order 2, as exhibited in Fig. 1. 
The diagram of $9 is therefore a complete graph, which is why we called it a 
K, geometry in (1.3). If we choose x E Xi, y E Yi such that (xy)’ = 1 and 
yx = (xy)’ (see (2.1)), th en every element of (x, y) may be written x’(xy)‘, 
and we denote this element by st in Fig. 1. 
(2.1) PROPOSITION. There exists a trivalent building of type K, with a 
regular group of automophisms for every n = l,..., I. 
ProoJ Let G be Frob(Zl), and pick subgroups X,,..., X, isomorphic to 
Z,. This gives a chamber system Q of type K,, by the above, and its 
universal cover is a building, by Tits’ theorem [ 161. All automorphisms of $9 
lift to the universal cover (see, e.g., [lo]), so the result follows. I 
We now turn to triangle geometries. If G is regular on a trivalent triangle 
geometry then it is generated by three elements of order 3, corresponding to 
the three panels of some fixed chamber, and any two of these generate 
Frob(21). We consider this situation in detail and show that there are essen- 
tially four different cases, each such group G being a factor group of one of 
four universal covering groups. 
(2.2) LEMMA. If X and Y are Z,-subgroups of Frob(21), then given 
1 #x E X there is a unique y E Y such that xy has order 7. In this case 
either yx = (xy)’ and x’y’ = (Y~x~)~ or xy = (yx)’ and y2x2 = (x’y’)‘. 
ProoJ Fixing X, there are six choices for Y, and there are six elements s 
of order 7 for each of which xs has order 3, so the first statement follows. 
Since yx also has order 7 and there is only one Z,-subgroup, (v)’ = yx = 
(xy)” for some integer i. Since x3 = 1, it follows that i3 - 1 (mod 7), and 
consequently i = 1, 2 or 4; but xy # yx, so i = 2 or 4. Moreover x’y’ = 
(yx))’ = (xy)-’ = ( y2x2)‘. Similarly xy = (yxy’ where j = 2 or 4, so it 
follows that yx = (xy)’ if and only if xy = (yx)” and the second statement 
follows. I 
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(2.3) The directed graph. If yx = (xy)’ in (2.2), let us represent this 
situation by drawing a directed edge from x to y. Thus fixing the subgroups 
X and Y we have 
x2ty2 
x+y. 
For the remainder of this section X, Y, and 2 will denote Z,-subgroups of 
a group G, any two of which generated a Frob(21). We shall assume G is 
generated by X, Y, and 2. 
(2.4) LEMMA. After a suitable reordering of X, Y, and Z one of the 
following four cases occurs, where x, y, and z are generators of X, Y, and Z, 
respectively. 
X X 
/ \ J \ 
z 4 Y z 4 Y 
Case 1 Case 2 
y2 - z 2 y* - z 2 
\ / \ J 
X2 X2 
AX\ JX\ 
Z Y Z Y 
Case 3 
I I 
Case 4 
I I 
y2\ JZ2 y2\. /z2 
X2 X2 
ProoJ: Arrange z, x, y, z2, x2, y2 on a hexagon as shown in Cases l-4. 
Since each lies on two directed edges we obtain either two triangles (Cases 1 
and 2) or a hexagon (Cases 3 and 4). By (2.2) any two parallel arrows have 
the same direction, so it suffices to determine the orientations of three 
consecutive edges. In the triangle case either three arrows follow one another 
(Case 1) or there is a reversal (Case 2). In the hexagon case either any two 
consecutive arrows are reversed (Case 3) or else Case 4 is forced. 1 
In each of the above four cases we let G, denote the group of case M 
defined by generators x, y, z subject to the relations x3 = y3 = z3 = 1, and the 
582a/37/3-I 
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relations implied by the appropriate directed graph. Clearly any group 
generated by three Z,-subgroups, any two of which generate Frob(21), is a 
factor group of G,, G,, G,, G,, but we can say more, namely, that the 
appropriate GM is a regular automorphism group of the universal cover. 
(2.5) THEOREM. If A is a iriualent triangle geometry admitting a regular 
group G of automolphisms, then the universal cover 2 admits one of the 
groups G,, GZ, G,, G, (according as G is of type 1, 2, 3, 4, respectively) as a 
regular group of automotphisms, and also a subgroup N, normal in G,, 
acting without fuedpoints on 2, such that G g GM/N. 
ProoJ: Let G denote the group given by generators 2, V; 2 of order 3, and 
the relations of case M, where G is of type M. It defines a triangle geometry 
d. The natural map from G to G restricts to an isomorphism on each of 
@,p), (Y; ,Q, and (f, $-it therefore induces a covering d-1 A of chamber 
systems. We show that A is the universal cover of A. If d is the universal 
cover of 2, then it admits a regular group of automorphisms G’ (see, for 
example, [ 10, Sect. 71) generated by elements 2, y, J? of order 3, mapping to 
2, y, 2: Because each pair of these elements generates Frob(21), 2, ~7, z’ satisfy 
the relations of case A4 for 5 j? E Therefore we obtain an inverse mapping, 
showing that G 2 G, and dz 47 m 
We shall now show that in the alternating group A, there are subgroups 
for Cases 1, 2, and 3, namely, L3(2), A,, and Frob(21), but no others. Let x 
and y be as in (2.3). They operate by conjugation on the seven Z,-subgroups 
of (x, y) 2 Frob(21), and by an appropriate labelling of these seven 
subgroups, x and y may be written as the following permutations: 
x = (123)(456) 
y = (124)(375). 
(2.6) LEMMA. With the above notation, there are exactly two proper 
subgroups of A, properly containing (x, y). Both subgroups are isomorphic to 
L,(2), and the corresponding planes (treating l,..., 7 as points of these 
planes) are: 
123 124 
145 136 
167 157 
E, 247 235 
256 267 
346 347 
357 456 
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ProoJ The Frob(21) subgroup (x, y) is a Sylow-7 normalizer in A,. An 
elementary argument using Sylow’s theorem shows that any proper subgroup 
of A, properly containing (x, y) must have index 15, and is therefore 
isomorphic to L,(2). Now a 3-element of L,(2) must fix a non-incident 
point-line pair of the appropriate plane. Therefore either 123 and 375 are 
lines, or else 124 and 456 are lines. This forces E, and E,. 1 
We now wish to find a third element z E A, such that 
(x, z) z (y, z)r Frob(21). The existence of such elements z where 
(x, y, z) 2 A, or L &2) was first noticed by Timmesfeld. 
(2.7) PROPOSITION. If x, y, z E A, are 3-elements such that (x, y) z 
(y, z) g (z, x) r Frob(21), then (x, y, z) is isomorphic CO one of Frob(21), 
L,(2), or A,, and moreover the relationships between (x), (y), and (z) ure 
(after a possible reordering) those of Cases 3, 1, or 2, respectively. 
Proof Without loss of generality we take x = (123)(456) and 
y = (124)(375) as above. Since x and y fix 7 and 6, respectively, z must fix 
one of l,..., 5. Suppose first that we are not dealing with Case 1. Then 
xz = (zx)’ and this relationship allows the following 15 possibilities for z. 
WWW) * (3)(45 1)(672) (1WWW) 
tt (W2W(174) PW1)W) * (1)(562)(473) 
* (5)(316)(274) (3)(641)(572) UWWW3) 
(4WW76) (2)W)W1) 
* (4)(235)( 176) GW63)(471) 
t (4)(31WY * (2)(643)(571) 
Those marked with an asterisk lie in the Frobenius group (x, y), and satisfy 
the relations of Case 3. If z is one of the unmarked elements, then 
(Y, z> zk FroW 1, so these cases do not occur. If z is (7) or (tt) then it is 
not a collineation of either plane E, or E, in (2.6), and hence by (2.6) 
(x, y, z) z A, in these two cases. It is straightforward to check that x, y, z 
satisfy the relations of Case 2 above (if z is (tt) one must switch y and z to 
get precisely the relations of (2.4)). 
Now suppose we are in Case 1. This means that zx = (xz)‘, and a similar 
exercise to that above shows that the only possibilities for z are (275)(364) 
and (156)(374). The first of these is a collineation of E, and the second is a 
collineation of E,. Since z & (x, y) (see Case 3 above), Lemma(2.6) implies 
(x, y, z) z L,(2). It is straightforward to check that the relations of Case 1 
are satisfied. I 
(2.8) PROPOSITION. Let A be the L,(2) (resp. the A,) example, and let 2 
be its universal cover. Then A admits a group S (resp. T) acting regularly on 
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the vertices of each type in A, and hence d’ admits a subgroup ,!? (resp. i=) of 
G, acting regularly on the vertices of each @pe in d: 
Proof Let S E Syl,(L,(2)) and Tr S, < A,. Clearly S n Frob(21) = 1 
and ISI . 21 = IL,(2)1, so S is regular on vertices as required; similarly for T. 
Let 3 denote the subgroup of G, (see (2.5)) projecting onto S under the 
quotient map 7~: G, --f L,(2). Let F < S fix some vertex t? of 2, so P = xp’ 
fixes its image v in A. By regularity of S on vertices, P = 1. Since the set of 
chambers containing 5 is mapped bijectively onto the set of chambers 
containing v, we see that p fixes all chambers containing 6. By regularity of 
G, on chambers, we see that P’= 1. This proves that the 21 chambers of 2 
containing v’ all lie in separate orbits under S. Moreover I G, : s”l = 
/L,(2): S I= 2 1, so there are 21 orbits of chambers of 2 under $. Therefore if 
D E d is any vertex having the same type as v’, and if F is any chamber 
containing $, then there is some element s E S taking c’ to a chamber 
containing V: Therefore s takes 6 to fl, so we see that S is transitive on 
vertices of a given type, and since p= 1, regularity follows. The same 
argument applies to T < G,, defined as the inverse image of S, ( A,. 1 
Notice that A/S (resp. A/T) is a tight triangle geometry (see (1.4), and 
Section 3). 
The rest of this section is concerned with the geometric realizations of the 
triangle geometries for Frob(21), L,(2), A,, and some of their finite covers. 
Recall from (1.4) that every triangle geometry A is equivalent to its 
geometric realization as a 2-dimensional cell complex. We are interested in 
the following two questions (see (1.4) for definitions). 
(1) Is the geometric realization of A a simplicial complex? 
(2) Is A a flag-geometry? 
The first question is answered by the following proposition. As before, A is a 
triangle geometry defined by three Z,-subgroups, any two of which generate 
Frob(2 1). 
(2.9) PROPOSITION. The geometric realization of A is a simplicial 
complex in all cases except when G E Frob(21). 
ProoJ The geometric realization of A has the following cells. Elements of 
G are 2-cells; right cosets of the Z,-subgroups X, Y, and Z are edges; right 
cosets of the Frobenius groups F, = (X, Y), F, = (Y, Z), and F, = (Z, X) 
are vertices. Incidence (i.e., one being a face of another) is containment. If G 
is not isomorphic to Frob(21), then F, n F, = Y, F,n F, = Z, and 
F, n F, =X. In this case any two vertices are incident with at most one 
edge. (For example, if Xh i, Xh, c 10, g n F, , then gh; ’ E F, and h, E F, for 
i= 1,2; hence h,h;‘EF1nFF,=X, so Xh,=Xh,.) This shows that any 
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two simplexes intersect in a simplex, and hence the geometric realization of 
A is a simplicial complex. 1 
We now give a necessary and sufficient condition for A to be a flag- 
geometry (thus answering the second question). If A is a flag-geometry, then 
the maximal flags are the chambers of A, so G acts flag-transitively. 
(2.10) PROPOSITION. Let x E X, y E Y, z E Z be chosen so that (xy)’ = 
(YZ)’ = 1 and yx = (xy)‘. Then A is a flag-geometry if and only if given 
(xy)‘( yzy’ E (x, z), then i = 0, 1, or 5. 
ProoJ By (2.9) we may assume that the geometric realization of A is a 
simplicial complex because otherwise (x, y, z) = (x, z). Now let a, /I, y be 
three mutually adjacent vertices. Without loss of generality we may take 
Q = (X,Y> 
P=(v,z). 
Therefore y is a coset of (x, z). Also the edge ay = X(xy)’ for some i, and the 
edge /?r = Z( yz)-’ for some j. Since ay and fly have the vertex y in common, 
(xy)’ and (yz)-j 1’ ie in the same coset of (x, z). Therefore (xy)‘( yzy’ E (x, z). 
Every edge, for example, ay, lies in three chambers. Therefore there are 
three choices for y such that ap and y lie on a common chamber. Since a/I 
corresponds to the coset Y, these chambers correspond to the elements 1, y, 
and y*. Therefore the corresponding choices for ay are the three cosets X, 
Xy = X(xy), and Xy* = X(xy)‘. It follows that y lies on a common chamber 
with a and p if and only if i = 0, 1, or 5 in the paragraph above. This 
completes the proof. I 
EXAMPLES. Take x = (123)(456), y = (124)(375), and z = (275)(364) as 
in (2.7), so (x, y, z) z L,(2). Then (xy)“(yz)” = (174)(256) E (x, z), so A is 
not a flag-geometry in this case. This may also be checked as follows. There 
are eight vertices of each type, and every vertex is adjacent to 14 others (7 of 
one type, 7 of another type). Take an edge a/?; there are eight vertices of the 
remaining type, seven adjacent to a, seven adjacent to /3, and hence six 
adjacent to both. But only three of these lie on a common chamber with a 
and /3 because there are only three chambers per edge. 
As another example let x and y be as above, and take z = (153)(276), so 
(x, y, z) z A, as in (2.7). In considering the products (xy)‘( yz)’ one may 
ignore i = 0, 1,5, and for a similar reason j = 0,2,6. One can check that 
none of these products then lies in (x, z). We may now state: 
(2.11) PROPOSITION. The A, example is a flag-geometry, but the L,(2) 
example is not. I 
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We now consider covers of the A, and the L,(2) examples. Let us call a 
cover proper if it is connected (see (1.2)), and if the covering map is not an 
isomorphism. 
(2.12) PROPOSITION. (i) Every cover of a jlag-geometry is a ji’ag- 
geometry. In particular every cover of the A, triangle geometry is a jlag- 
geometry. 
(ii) Every proper cover of the L,(2) triangle geometry which admits a 
regular group of automolphisms is a jlag-geometry. 
Proof: (i) Let p:d+ A be a covering of triangle geometries and 
suppose A is a flag-geometry. Let 6, /?, y’ be three mutually adjacent vertices 
of d” with images a, /I, y, respectively, in A. Since a, /I, y are the vertices of a 
chamber of A, we know that the edges a/l and ay have a chamber in 
common. Since p restricted to the residue of a’ is an isomorphism, this 
implies that $ and &jr have a chamber in common. Therefore &, p, 7 are the 
vertices of a chamber, and so d” is a flag-geometry; together with (2.11) this 
proves (i). 
(ii) Let A be the L3(2) triangle geometry, and A’ its l-skeleton (graph 
of vertices and edges). We first show that every circuit of A’ can be split into 
triangles. To do this, let 1,2,3 denote the three types of vertices and say a 
circuit of n vertices (vi,..., vn) has type t, a.. t, if vi is of type ti for each 
i= l,..., n. Since there are eight vertices of each type, and every vertex lies on 
seven edges of one type and seven edges of another type, it follows that every 
vertex is non-adjacent to exactly one vertex of each of the other two types. 
This immediately restricts the possible types of minimal circuits, and it is 
straightforward to check that, up to a permutation of 1,2,3, the only 
candidates for minimal circuits which are not triangles have type 1212, 
1213, 12 123, or 121212. Since seven of the eight type 3 vertices are adjacent 
to any vertex of type 1 or 2, there must be a type 3 vertex adjacent to all 
vertices of a circuit of type 1212 or 1212 12, hence these cannot be minimal. 
Similarly in the 12 13 (or 12123) case there is a type 3 vertex adjacent to the 
first three (or four) vertices. In the 1213 case this reduces us to a 13 13 
circuit (i.e., the 1212 case), and in the 12123 case thus reduces us to a 1323 
circuit (i.e., the 1213 case). This shows there are no minimal circuits except 
the triangles, and hence every circuit may be split into triangles. 
Any triangle which does not form a chamber we shall call a bad triangle. 
By hypothesis 2 is a proper cover of A admitting a regular group of 
automorphisms, so all automorphisms in L,(2) lift to Aut 2 (see, e.g., [ 10, 
Sect. 71). Since L,(2) is transitive on the set of bad triangles, this shows that 
if one bad triangle lifts to a triangle, then they all do, and hence all triangles 
lift to triangles (the other ones are chambers which lift to chambers). In this 
case the fact that every circuit of A may be split into triangles proves that 
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every circuit of d lifts to an isomorphic circuit of d”; but this contradicts the 
assumption that 2 is a proper cover. Therefore no bad triangle lifts to a 
triangle. 
Now suppose c?, b, y’ are the vertices of a bad triangle in 2, with images 
a, p, y in A. Since the covering map p: 2 + A restricts to an isomorphism on 
the residue of ci, and the edges c?F and zp have no chamber in common, it 
follows that a/? and ay have no chamber in common. Thus a, /3, y form a bad 
triangle of A, but this contradicts the fact that a bad triangle of A (a, j3, y in 
this case) cannot lift to a triangle (6, B, j7) in 2. herefore d’ contains no bad 
triangles and is hence a flag-geometry. I 
(2.13) EXAMPLE. S&(7). The Schur cover of L,(2) is S&(7). As each 
Frob(21) subgroup of L,(2) lifts to 2 x Frob(21), we may take Z,-subgroups 
2, F, z” generating S&(7) and giving us a triangle geometry which is a 2- 
fold cover of that for L,(2). For example, 
x=(i ;), Y=(f i), z=(i :) 
behave as required. By (2.12)(ii), this example is a flag-geometry. 
(2.14) EXAMPLES. 2A,, 3A,, 6A,. Let x,y, z E A, be 3-elements 
generating Z,-subgroups which form a triangle geometry as in (2.7). The 
non-split extension 3A, contains no elements of order 9 because a Sylow-3 
subgroup lies in 3A, which in turn is a subgroup of &C,(4), and elementary 
linear algebra shows there is no element of order 9 in this group. If (t) 
denotes the central subgroup of 3A,, then we have elements x’, tx’, 
t’x’ E 3A, of order 3 projecting onto x (similarly for y and z). We now 
choose 3-elements y’ and z’, projecting to y and z, respectively, such that 
x’y’ and x’z’ have order 7. This implies that the projection map from 3A, 
induces an isomorphism from (x’, y’) to (x, y), so (x’, y’) z Frob(21) 
(similarly for (x’, z’)). If y’z’ has order 7, then we are done, so suppose not. 
Then one of ty’z’ or t’y’z has order 7. Without loss of generality it is ty’z’, 
so we replace x’, y’, z’ by tx’, t*y’, t*z’. Now the required relations hold and 
we obtain a triangle geometry covering that for A,. 
As in the case of X,(7) which is a Z,-central extension of L,(2), the Z,- 
central extensions 2A, of A, and 6A, of 3A, give triangle geometries 
covering those for A, and 3A,. By (2.12)(i), all these examples are flag- 
geometries. 
3. TIGHT TRIANGLE GEOMETRIES AND SINGER GROUPS 
For the remainder of this paper the groups of Section 2 play no further 
role, except that Frob(21) arises as a special case. We recall from (1.4) that 
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a tight triangle geometry is a triangle geometry whose geometric realization 
has only one vertex of each cotype. In other words there are exactly three 
residual planes, and since every chamber belongs to a residue of any 
specified type, it follows that every chamber belongs to each of the three 
residual planes. We shall describe the geometry by working with a single 
residual plane; the chambers are the flags of this plane. 
Before doing this consider the geometric realization of a tight triangle 
geometry. Every chamber has three vertices and three edges (the edges are 
panels). Its three vertices are of no interest since all chambers have the same 
three vertices. Its edges, however, uniquely determine the chamber. In fact 
any two edges uniquely determine the chamber because if v is the vertex they 
have in common, then the residue of u is a projective plane n; in 17 the two 
edges represent a point and a line which are incident, and this gives a unique 
flag (i.e., chamber). 
Let us now call the three types of edges (i.e., panels) of a tight triangle 
geometry, points, lines, and labels (see Fig. 2). We accordingly refer to two 
chambers as being point-adjacent, line-adjacent, or label-adjacent, and we 
refer to the three residual planes as being the point-line plane, the point-label 
plane, and the line-label plane with an obvious notation. For example, in 
Fig. 2 the residue of the vertex u is the point-line plane n. In terms of n, the 
labels are a set of objects each of which is associated with a set of flags 
(q + 1 flags if 17 is finite of order q), and every flag has exactly one label. 
Now suppose we are given a projective plane li’ and a set of labels such 
that each flag of n acquires exactly one label (though each label belongs to 
several flags). This will be called a labelling of the flags of fl. We wish to 
prove that under suitable conditions a labelling gives a tight triangle 
geometry. Before doing this, we recall that in a projective plane one calls a 
point and a line incident if they have a flag in common. We extend this 
notation to labels by saying that a point (or line) is incident with a label if 
line 
FIGURE 2 
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they have a chamber (i.e., flag of the residual point-line plane) in common. 
Thus the three edges of a chamber (see Fig. 2) are mutually incident. We 
now prove an elementary but useful result. 
(3.1) PROPOSITION. Suppose II is a finite projective plane of order q. 
Then lI is a residual plane of a tight triangle geometry if and only if there is 
a labelling of the jlags of 17 such that each label is assigned to q + 1 jlags 
and any two labels are incident with a common point and a common line. 
Proof Let A be a tight triangle geometry with residual plane II. Call the 
panels of A points, lines, and labels as above, in such a way that 17 is the 
point-line plane. Since all three residual planes have the same number of 
chambers they have the same order q, and so every label belongs to q + 1 
chambers (i.e., flags of n). Consider the point-label plane. Since it is a 
projective plane, any two labels are incident with a common point; similarly 
for labels and lines. 
Now suppose that n is a projective plane of order q with a labelling of its 
flags having the property stated in the proposition. We define a chamber 
system A as follows. The chambers of A are defined to be the flags of fl, and 
two chambers are point, line, or label adjacent if, as flags of n, they have a 
point, line, or label in common. To show that A is a tight triangle geometry 
we must show that the point-label residue and the line-label residue are both 
projective planes. Let S denote the point-label residue. There are q* + q + 1 
points, and q2 + q + 1 labels. Since a label is assigned to q + 1 flags it can 
be incident with at most q + 1 points, and since each point lies on q + 1 flags 
it can be incident with at most q + 1 labels. Now the hypothesis that any two 
distinct labels are incident with a common point implies that B is a 
projective plane. Similarly the line-label residue is a projective plane, and our 
proof is complete. I 
We now show how to construct examples of tight triangle geometries 
using difference sets. In particular we shall construct examples which admit 
Singer groups and their multipliers. Following [3] we define a set 
L@= {d O,..., d,} of integers modulo q2 + q + 1 to be a difference set for the 
cyclic Singer group S E Z42+q+ i if the set of q2 + q integers {di - dj 1 i fj} 
modulo q2 + q + 1 are all distinct. This immediately gives a projective plane 
n or order q as follows. The points are the symbols (0),..., (q2 + q), and the 
lines are the symbols [O],..., [q2 + q], h w  ere s is incident with [t] when ( ) 
s - t E GZ. In other words the line [k] is the set of q + 1 points 
{(k + do),..., (k + d,)}. To simplify notation we shall write (s, t) for the flag 
((s), [t]). Clearly the additive group Z/(q2 + q + 1) acts regularly on the set 
of points and the set of lines, where n E Z sends (k) (resp. (k]) to (k + n) 
(resp. [k + n]); it is called the Singer group S of the difference set. 
An ordered dlfirence set will denote a (q + 1)-tuple (do,..., d,) such that 
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(4, s.., d,} is a difference set. Given ordered difference sets g = (do,..., d4) 
and 8’ = (e,,..., e,) we shall write g f B = (d, f e,,..., d, k e,), and 
rng = (md, ,..., md,) for any integer m. 
(3.2) PROPOSITION. A tight triangle geometry A, with residual plane 17 
and cyclic Singer group S acting regularly on the set of panels of a given 
type, exists if and only if there are ordered dl@erence sets 9 and c!? of size 
q + 1 such that B - 9 is a dlzerence set and @ gives the plane lI. 
Proo$ Suppose A is a tight triangle geometry with the appropriate 
properties. Let g = (do,..., dJ be an ordered difference set associated with 
the plane l7 and Singer group S as above. As in (3.1) there is a labelling of 
the flags of lI, representing the third adjacency relation of A. As S acts on A, 
it follows that if (s, t) and (s’, t’) are flags with the same label, then so are 
(s + k, t + k) and (s’ + k, t’ + k) for all k. This means that if (ei, e;), 
i = O,..., q, are the flags with label 0 then (ei + k, ef + k) are those with label 
k. Since any two labels are incident with a common point, the set {e,,..., e,} 
has an element in common with {e, + k ,..., e, + k} for each k = 0 ,..., q2 + q, 
and hence {e ,,,..., e,} is a difference set. Similarly {e;,..., e;} is a difference 
set. Consider the flags (e,, ei), i = O,..., q, with label 0. Since (eJ is incident 
with [e;], we have e,-e;E%Y. If e,-e;=e,-e;, then ej-e,=ej-eef, 
and so (ei, e;) = (et + k, e; t k), where k = ej - e,. This implies (ej, e;) has 
label k, and since it is assumed to have label 0, this shows k = 0, and hence 
i =j. Therefore the ei - e;, i = 0 ,..., q, are all distinct, and so after a possible 
reordering we may assume e, - e,! = di. Now B = (e,,..., e,) and 
i?’ = (e;,..., ~ e’) are ordered difference sets with 8’ = 8’ - &9, as required. 
Conversely suppose 9 = (do,..., d4) and 27 = {e,,..., e,} are ordered 
difference sets such that B - g is also a difference set. Then P2 gives a plane 
n whose flags are all (s, s - d,), and with cyclic Singer group 
S 2 Z/(q* t q t 1) sending (s, t) to (s t n, t t n) for all n E Z. We now let k 
label the q t 1 flags (k t e,, k t e, -d,), where k = 0 ,..., q2 t q. To see that 
every flag acquires a unique label it suffices by finiteness to show that a flag 
cannot have two distinct labels. Suppose the flag (s, s - di) has labels k and 
1. Then for suitable i andj, 
and 
ktei=s=ltej 
k + ei - d, = s - di = I+ ej - d,. 
This implies that d, = d,, hence i =j; and this shows that k = 1. Therefore 
each flag has a unique label, and each label is assigned to q t 1 flags. In 
order to apply (3.1) we show that any two labels are incident with a 
common point and a common line; let k and I denote two labels. Since 8 is a 
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difference set there exist (unique) i and j such that e, - e, = I- k, and 
therefore the flags (k + e,, k + e, -d,) and (2 + ej, 1 t ei - d,) have labels k 
and 1, respectively, and are adjacent at the point, k t e, = 1 t ei. A similar 
argument applies to line-adjacency since 8 - g is a difference set. Therefore 
by (3.1) our labelling gives a, tight triangle geometry A. Moreover if (s, t) 
and (s’, t’) have identical labels, then so do (s t k, t t k) and (s’ t k, t’ + k), 
so S preserves the set of labels, and consequently acts on A, as required. 1 
We will now show how (3.2) can be used to obtain a tight triangle 
geometry from any finite Desarguesian plane, in such a way as to admit the 
Singer group and its multipliers. Before doing this we define multipliers of 
difference sets as in [3]. An integer m is a multiplier of the difference set 
(4, s.., d,} if {md,,..., md,} = {d, t k,..., d, t k} for some integer k, where all 
integers are taken modulo 4’ + q t 1. This is equivalent [3] to saying that 
the mapping sending the point (s) to (ms) is a collineation of the plane. It is 
well know% [ 121 that every finite Desarguesian plane PG(2, q) admits a 
cyclic Singer group S acting regularly on the points and the lines (this is 
simply the factor group F,*,/lFz). If ~8 is any difference set for S on PG(2, q), 
then p is a multiplier of g, where q =p” (p a prime), and it has order 3n 
(see [3]). Notice that the group of order 3n generated by p fixes the point 
(0). Therefore S and p generate a group of order (q* + q t 1) 3n in which S 
is a normal subgroup. We now state the main theorem of this section; afinite 
cyclic plane [3] is a finite projective plane admitting a cyclic Singer group 
regular on the set of points. 
(3.3) THEOREM. For any finite cyclic plane II with Singer group S, there 
is a tight triangle geometry A with residual plane II, admitting S as a group 
of automorphisms. If ?Z is a dlflerence set for S and II, then we may 
construct A so that all multipliers of @ are automorphisms of A. In 
particular if Ii’ is the Desarguesian plane PG(2, q), then A admits a group of 
automorphisms of order 3n(q* t q t l), where q =p”, p a prime. 
Proof We use the construction of (3.2). Let 9 = (do,..., d,) be an 
ordered difference set for the Singer group S on the plane lT. Let 8’ = 2~? = 
(24, ,..., 2d,). Since 2 is relatively prime to q* t q t 1, 8’ is an (ordered) 
difference set. Since 9 = 8’ -C? the conditions of (3.2) are satisfied and we 
obtain a tight triangle geometry A admitting the Singer group S. It remains 
to show that the multipliers of 9 act on A. Let m be a multiplier, so 
{mdO,..., md,} = {d, t t ,, ,..., d, + t,} for some t,. This means that the line [t] 
is sent to the line [mt t t,] by m. Now consider a flag of IT having label k as 
in (3.2). This flag must be of the form (2d, + k, d, + k) according to the 
construction in (3.2). The multiplier m sends this flag to (2md, + mk, 
md, + mk t to) = (2(md, - to) t mk + 2t,, (md, - to) + mk t 2t,). Since 
2(md, - to) E a, this flag has label mk + 2t,. In other words m sends all 
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flags with label k to flags with label mk + 2t,. Thus m preserves the set of 
labels and gives an automorphism of d. The case of PG(2, q) follows now 
from the discussion preceding the theorem. I 
(3.4) EXAMPLES. For PG(2,2) in Theorem (3.3) we obtain the group 
Frob(21), already discussed in Section 2. For PG(2,8) we obtain the group 
Frob(73.9) which acts flag-transitively; this therefore gives a tight triangle 
geometry with a group of automorphisms regular on the chambers. For other 
finite fields the group one obtains is not transitive on the flags of the plane. 
Indeed the only flag-transitive groups acting on PG(2, q) and not containing 
PSL,(q) are Frob(21) on PG(2,2), and Frob(73.9) on PG(2,8) as 
mentioned earlier (see [4]). For PG(2, 3) one obtains Frob( 13.3) which has 
two orbits of lengths 13 and 39 on the flags of PG(3,2), and consequently 
on the chambers of d. For PG (2,4) one obtains a group of order 126, which 
is not a Frobenius group as the multiplier 2 has the property that 2’ 
stabilizes a Baer subplane, giving Frob(21) on this PG(2,2) subplane. 
We now terminate our discussion of Singer groups and difference sets and 
turn to a purely geometric construction of tight triangle geometries. 
4. TIGHT TRIANGLE GEOMETRIES OF ANTIFLAG TYPE 
Before defining what we mean by “antiflag type” we need some 
terminology. An antzjlag means a non-incident point-line pair of a projective 
plane. If (x,X) is an antiflag we shall say that the point x and the line X 
belong to (x, X). Moreover, if (p, L) is a flag such that p is on X, and L is on 
x, then we also say that (p, L) belongs to (x,X). 
If d is a tight triangle geometry, then as explained in Section 3 we may 
regard it as being given by a residual plane n together with a certain 
labelling of the flags of n. If the set of flags having the same label is 
precisely the set of flags belonging to some antiflag of 17, then we say that d 
is of antzflag type for the residual plane lI. We now consider an arbitrary 
projective plane n with a specified set of antiflags. 
(4.1) PROPOSITION. Given a projective plane I.7 and a set of antifags CT 
such that each point, each line, and each jlag belongs to exactly one of these 
antzpags, then there exists a tight triangle geometry A of antzyag type for at 
least one residual plane, and with all residual planes isomorphic to lI or its 
dual. 
Proof of (4.1). Define a labelling of the flags of lZ, as above, by giving 
two flags the same label when they belong to the same antiflag of GZ; thus the 
set of labels is in bijective correspondence with the set GZ?. As in (3.1), define 
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the chambers of A to be the flags of n, and define two chambers to be 
adjacent if, as flags of ZF, they have a point in common (point-adjacency), or 
a line in common (line-adjacency), or a label in common (label-adjacency). 
Thus two flags are label adjacent if they belong to a common antiflag of a. 
We now show that the point-label residue B is a projective plane. Let (p, L) 
be any flag and let (x,X) be the unique antiflag of C2? to which it belongs. 
Define a map Q, on the set of flags of I7 by sending (p, L) to the flag (p, X). 
If (p, L) and (p, M) are distinct flags, then they belong to distinct antiflags 
(x, X) and ( y, Y) of 6Z because x lies on L, y lies on M, and x, y #p; 
therefore x # y. Thus v, is injective. If (p, X) is any flag, then the line X 
belongs to an antiflag (x,X), and so if L denotes the line px, then ~1 sends 
(p, L) to (p, X). Thus v, is surjective, and hence bijective. 
Since two flags f and g have a point p in common if and only if of and qg 
have p in common, it follows that o preserves point-adjacency. Moreover if 
(P, L) and (q, W are two flags belonging to antiflags (x, X) and (y, Y) of 0, 
then their images (p,x) and (q, Y) under Q are line adjacent if and only if 
X = Y, or equivalently (x, X) = (y, Y), since each line X and Y belongs to a 
unique antiflag of GZ. Thus two flagsf and g are label-adjacent if and only if 
pf and qg are line-adjacent. Therefore (p is an isomorphism from E to 17; this 
proves S is a projective plane, and a similar argument applies to the line- 
label residue. The result follows. 1 
(4.2) COJXOLLARY. Suppose a finite projective plane lI has a set c71 of 
antiJags with the following properties. 
(i) Each point and each line belong to exactly one antijlag of Gi’. 
(ii) If (a, A) and (b, B) are two antifrags of GZ, then the points a,b and 
A n B are not collinear. 
Then IZ is a residual plane of a tight triangle geometry of antijlag type. 
Proof. Let (p, L) be any flag of n, and let X0,X, ,..., X4 denote the q + 1 
lines on p. By condition (i) there are uniquely determined points x,,,..., xq 
such that (x,, X,), i = O,..., q, is an antiflag of a, and by condition (ii) the 
q + 1 lines px,, i = O,..., q, are distinct. Therefore exactly one of the xi lies on 
L, call it xk, and hence (p, L) belongs to exactly one antiflag, namely, 
(xk, Xk), and We may apply (4.1). m 
(4.3) EXAMPLE. (a) SO(3). Take ZZ = PG(2, R) and to each point (x), 
where x E R3, associate the line (x)‘= {(y) 1 x . y = 0}, using the dot 
product. This gives us a set of antiflags which satisfy the conditions of 
Proposition 4.1, and hence a tight triangle geometry A with SO(3) as a group 
of automorphisms. Notice that if p, q, r are collinear points, then the lines p’, 
ql, r’ of the corresponding antiflags are concurrent, so A has the property 
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that it is of antiflag type for each of the three residual planes (cf. (4.5)). 
Indeed the group S, acts on d as a group of diagram automorphisms. To see 
this, fix each point (resp. line) and send each line (resp. point) to the antiflag 
to which it belongs and call this non-type preserving automorphism u 
resp. 5). Then u and T generate S,, no element of which fixes any chamber. 
(b) Frob(21). It is a simple matter to check that there is essentially 
only one way of choosing seven antiflags of PG(2,2) so as to satisfy the 
conditions of (4.2). Indeed if p, q, r are collinear points belonging to such 
antiflags (P, P), (4, Q>, (r, RI, respectively, then P, Q, and R are never 
concurrent. This gives the Frob(21) example of (3.2)(a) which uses z = z~. 
(c) Frob(73.9) on PG(2,8). Recall the notation from (3.2). We write 
all integers mod 73, and notice that 29 5 2’(mod 73). Let 
L?2 = (20 - l,..., 2* - 1) 
B = (28, 20 ,...) 27), 
so 
B - G9 = (1 - 28, 1 - 20 ,..., 1 - 27). 
Then 9, 8, and d - CZ are ordered difference sets, so we may apply (3.2) to 
obtain a tight triangle geometry d. More precisely we have a projective plane 
17 whose points are all symbols (s), lines are all symbols [t], and flags are all 
(s, t) where s - t = 2’ - I for some i. According to the labelling obtained in 
(3.2) using the difference set 8, we find that the flags having label 0 are all 
(2’, 1 - 2’). More generally the flags having label k are all 
(2’ + k, 1 - 2’ + k). We notice that the points (2’ + k) are precisely the 
points of the line [k + 1 ] ; also the lines [ 1 - 2’ t k] are precisely the lines 
on the point (k). Therefore the label k is assigned to precisely those flags 
which belong to the antiflag (k, k + I), and we have another example of 
antiflag type. This example has automorphism group Frob(73.9); this may 
be checked by seeing that 2 is a multiplier of CS which induces the 
permutations (s) N (2s), [t] t+ [2t - 11, and k t-+ 2k of points, lines, and 
labels, respectively. 
It has been noticed by Ott [9] that examples (4.3)(b) and (c) may be 
generalized, as the proposition below shows. Actually Ott assumes only an 
abelian Singer group acting transitively on the points of a plane of order q, 
where 21q and 3]qt 1. 
(4.4) PROPOSITION (Ott). Suppose I7 = PG(2, q) with q = 2” where n is 
odd. Then there is a tight triangle geometry of antiflag typ with residual 
plane lZ, admitting the group of order 3n(q* + q + 1) generated by the Singer 
group S z Zq2+q+, and the multiplier 2. 
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Proo$ As in Section 3, the points of n are the symbols (s), and lines are 
[t], s, t E Z/(q* + q + 1). By [3], 2 is a multiplier with exactly one fixed 
point, (0), and one fixed line L. Taking L to define our difference set L9, we 
have L = [O]; it consists of the points (d), where d E 9. By [3] the 
multiplier 2” also fixes only (2” - 1,2*” + 2” + 1) = 1 point. Since it has 
order 3 and 3 ] 2” + 1 for n odd, this fixed point (0) cannot lie on L, and so 
OGS?. 
Now take the set of antiflags (k, k). Condition (i) of (4.2) is immediately 
satisfied and we check condition (ii). If (a, A) and (b, B) are two of these 
antiflags, then without loss of generality (a, A) = (0,O). Now (b, B) = (x, x) 
for some x # 0, and since g is a difference set, x = I -p for some rZ,p E g. 
Therefore the lines [0] and [x] meet in (A), and the points (0) and (x) lie on 
[-,u]. To verify (ii) of (4.2), we must show that (A) is not on [+I. Suppose 
it is, Then 1= a -,u for some a E G9. Since 9 was chosen so that the 
multiplier 2 stabilizes g, we have 21 E 6%. Now the equation U - I = a - ,u, 
and the fact that 0 6E g, shows that 21 = a and J = ,u. Therefore x = 0, a 
contradiction. 
Therefore (4.2)( ii is satisfied, and the antiflags (k, k) give a tight triangle ) 
geometry d. Since the multiplier 2 stabilizes L@ it sends the line [k] to [2k], 
and hence the antiflag (k, k) to (2k, 2k). This shows it induces an 
automorphism of d, as does the Singer group S. 1 
Having given examples of finite tight triangle geometries of antiflag type it 
is appropriate to ask whether they are of antiflag type for the other two 
residual planes; recall from (4.3)(a) that the SO(3) example was of antiflag 
type for all three residual planes. Surprisingly enough it is not possible for a 
finite tight triangle geometry to have this property. In proving this we shall 
use the terminology of incidence between points, lines, and labels, introduced 
early in Section 3. 
(4.5) PROPOSITION. If A is a Jinite tight triangle geometry, then it cannot 
be of antlflag type for more than one residual plane. 
ProoJ Suppose A is of antiflag type for the residual plane LJ. This means 
that the set of points incident with a given label is precisely the set of points 
incident with a common line, and that the set of lines incident with a given 
label is precisely the set of lines incident with a common point. Now suppose 
A is also of antiflag type for the point-label plane 9. This means that the set 
of points incident with a given line is precisely the set of points incident with 
a common label (this says nothing new), and more importantly, 
(1) the set of labels incident with a given line is precisely the set of 
labels incident with a common point. By finiteness (q* + q + 1 points and 
q2 + q + 1 lines) we obtain 
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(2) the set of labels incident with a given point is precisely the set of 
labels incident with a common line. 
We use (1) and (2) as follows. Let L be any line. Every label 1 incident 
with L corresponds to an antiflag (x,X) ( i.e., 1 labels the flags belonging to 
(x,X)), such that the point x lies on L. Since these labels 1 are all incident 
with some point p by (1) above, it follows that the lines X all have the point 
p in common. It now follows that if (x, X), (y, Y), (z, Z) are three antiflags 
corresponding to labels, and with x, y, z on a line L, then the lines X, Y, Z 
are concurrent. A similar argument, using (2), shows that if X, Y, Z are 
concurrent, then x, y, z are collinear. 
Since n is finite, every point x (or line X) belongs to an antiflag (x,X) 
which corresponds to a label of fl. Therefore we may define a map u 
interchanging points and lines by setting x0 =X and X” =x above. By the 
paragraph above, Q is a polarity. Moreover this polarity has no absolute 
points, which is impossible since n is finite (see, for example, [5, (13.3)]). 
This contradiction completes the proof. 1 
The occurrence of a polarity with no absolute points in the preceding 
proof leads us to state the following proposition; its proof is a 
straightforward generalization of Example (4.3)(a) and we omit it. 
(4.6) PROPOSITION. If II is a plane with a polarity having no absolute 
points, then the antiflags of this polarity give a tight triangle geometry A of 
antaflag type for each residual plane. The three residual planes are all 
isomorphic to II, and A admits S, as a group of graph automorphisms 
permuting the residual planes. 
A rather specialized way of obtaining a suitable set of antiflags is given by 
a group which is regular on flags. 
(4.7) PROPOSITION. If G is a group of automorphisms which is regular 
on the jlags of a finite projective plane II, then G stabilizes a set of antiflags 
which satisfy the condition of (4.1), and consequently G acts regularly on a 
tight triangle geometry of anttyag type with II as a residual plane. 
Proof. If H is the subgroup fixing a point x, then H is regular on the 
lines through x, and hence fixes no other point. Therefore H fures exactly one 
line X, not on x (see, e.g., [5, (13.3)]), and we have an antiflag (x,X). In 
view of the flag transitivity of G, every flag belongs to one of these antiflags. 
Moreover if a flag (p, L) belongs to two such antiflags (x,X) and (y, Y), 
then p lies on X and Y, and x and y lie on L. Now let g E G send (x, L) to 
(y, L), so g sends X to Y and hence fixes L and p; thus g = 1 and so 
(x, X) = (y, Y). This proves (p, L) belongs to exactly one of our antiflags, so 
the result follows from (4.1). I 
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The only known finite cases of the above phenomenon are Frob(21) on 
PG(2,2) and Frob(73.9) on PG(2,8) (see (4.3)(b) and (c)). The existence or 
non-existence of other examples is a well-known open question. 
5. SOME EXAMPLES OVER GF(2) 
In this brief section we give details of six examples of tight triangle 
geometries whose residual planes are PG(2,2). 
(5.1) Frob(21). We shall see that there are two distinct examples. Set 
x = (123)(456), y = (124)(375) and let zi be the element of (x, y) asterisked 
in (2.7), and fixing the symbol i. Then t = (12)(34)(67) acts by conjugation 
as follows on (x), (y) and the (zi): t = (x, v’)(zl, z2)(z3, z&. This implies 
that the geometry given by (x), (y), and (zi) is isomorphic to that for (x), 
(y), and (z*). Moreover x, acting by conjugation, sends x, y, z5 to x, zq,y, 
respectively, and y sends x2, y, z3 to zg, y, x2, respectively, so the geometries 
defined by (x), (JJ), and (zJ = 3, 4, or 5 are also isomorphic to one another. 
We also note here that in the former case zq (resp. z& induces a diagram 
automorphism, sending (x) to (y) to (z,) (resp. (z2)) to (x), and in the latter 
case t induces a diagram automorphism of the x,y, z5 geometry switching 
(x) and (v) and fixing (z~). 
As examples of each type we take z = z, and z = z~, our labels 
corresponding to the following seven sets of flags (labelled as in Fig. 1 of 
Section 1). 
Zl z5 
00 14 25 00 16 24 
01 15 26 01 10 25 
02 16 20 02 11 26 
03 10 21 03 12 20 
04 11 22 04 13 21 
05 12 23 05 14 22 
06 13 24 06 15 23 
By using Fig. 1 in Section 1 it is elementary to check that in the former case 
the distance between two flags with the same label is 2; indeed three flags 
with the same label lie on a unique minimal circuit. In the latter case the 
distance between two flags with the same label is 3. Since in the former case 
it makes no difference which of the three residual planes we choose (in view 
of the the Z, diagram automorphism), it is clear that the two examples are 
not isomorphic to one another. 
(5.2) u~)/s h w  ere S E Syl,(L,(2)). If d is the L,(2) example of (2.4) 
then J= A/S is a tight triangle geometry (cf. (2.8)). In order to examine this 
geometry in detail, we take x = (123)(456), y = (124)(375), z = (275)(364) 
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for L,(2), as in (2.7). Clearly c, d E L,(2) are equivalent chambers under S 
if cs = d, for some s E S, so the chambers of 2 are left cosets cS, and as a 
set of left coset representatives we take the elements of (x,y) z Frob(21). If 
c, d E (X,JJ) represent chambers which are w-adjacent, then this means 
CS = d dS for some j, or equivalently c-‘w/s E S. If w  =x or y this is 
equivalent to c-‘w’d = 1, so the x- and y-adjacencies give the plane of Fig. 1, 
two flags of this plane being assigned the same label if they are z-adjacent. 
To determine this labelling let S be the subgroup of L,(2) fixing the flag 
(7,357), choose some c E (x, y), and find d E (x, JJ) such that c- ‘zd or 
c-‘z’d sends the flag (7,357) to itself. This results in the following seven sets 
of three elements of (x,JJ): 
00 01 06 21 25 13 11 04 22 
10 24 15 02 05 16 14 26 03 
20 23 12 
where ij denotes the element x’(xy)’ (cf. Fig. 1 of Section 1). 
(5.3) A,/S,. If d is the A, example of (2.7), then z=d/S, is a tight 
triangle geometry, as in (2.8). To examine the geometry in detail, take 
x = (123)(456), y= (124)(375), z = (153)(276) as in (2.7), let S, be the 
sugroup fixing {3,5}, and let (x,~) z Frob(21) be a set of left coset 
representatives. Proceedings as for L,(2)/S above, we obtain the following 
seven sets of flags (cf. Fig. 1 of Section 1): 
00 12 16 04 23 26 
10 01 14 05 22 24 
20 15 13 03 21 02 
06 25 11 
The following facts are offered without proof. The four examples above 
are mutually non-isomorphic. The automorphism groups are trivial for 
examples (b) and (c), and are Frob(21) for the two examples in (a). It is 
possible to construct further examples with non-trivial automorphism groups. 
The following two examples, which are non-isomorphic, have automorphism 
group 2, generated by the 3-cycle (257)(346) on the points of the plane of 
Fig. 1. Again the notation for the flags is that of Fig. 1. 
(5.4) Examples with automorphism group Z,. 
00 11 25 00 12 23 
01 12 26 01 03 04 
02 05 24 02 14 16 
03 20 22 05 10 11 
04 06 10 06 13 25 
13 14 21 15 20 24 
15 16 23 21 22 26 
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6. SOME ADDITIONAL REMARKS 
Apartments. By an apartment we understand a set of chambers such that 
each panel is a face of 0 or 2 of them. Regarding our chambers as labelled 
flags of a plane lI, as given at the beginning of Section 3, we see that an 
apartment is a subset of these flags such that each point (resp. line, resp. 
label) belongs to 0 or 2 of them. 
Let A be the Frob(21) example of antiflag type (see (2.7) and (4.3)(b)). 
Using z = zg as in (2.7), the reader may verify that the apartments are 
precisely the following three sets A 1, A *, A, of 14 chambers (notation as in 
Fig. 1 of Section 1): 
A,= {ijl i#n}. 
The subgroup stabilizing an apartment is 2, which has two orbits on the 14 
chambers. Given two chambers i, j, and i, j,, they lie in a unique apartment 
Ala, where {i, , iz, i3} = { 1,2,3}. This is a remarkable fact and I do not know 
of any other geometries in which such a situation occurs. 
In the other Frob(21) example (e.g., with z = z, as in (2.7)) the sets A,, are 
again apartments. However, there are other apartments in this case; for 
example, {OO, 15, 25, 12, 22, 01, 11, 03, 23, lo}. 
A remark on homology. If A is any finite triangle geometry, then the 
second homology group with coefftcients in Z,, H,(A; Z,) has as its non- 
zero elements the sets of chambers such that each panel is a face of an even 
number of them. If A is trivalent, then this means precisely 0 or 2, so we are 
dealing with apartments. In the case of the Frob(21) example of antiflag type 
above, the existence of exactly three apartments shows that 
H,(A; Z,) z Z, @ Z,. By the universal coefficient theorem [ 13, p. 2221 this 
shows that the rank of H,(A) (with integer coefficients) is at most 2. Now we 
calculate the Euler characteristic x(A) = c0 - ci + c2, where c1 is the number 
of cells of dimension i. This gives x(A) = 3 - 21 + 21 = 3. On the other hand 
x(4=4,--h,+&, where h, = rank H,(A) with integer coefficients (see, e.g., 
[ 13, p. 1721). By connectivity H,(A) z Z (see, e.g., [13, p. 172]), so 
3 =x(A) = 1 - h, + h,, where h, < 2 by the argument above. This proves 
that h, = 0 and h, = 2. Since H,(A) is a free abelian group (there being no 2- 
boundaries to factor out since A is 2-dimensional), this shows that 
H,(A) z Z @ Z. Moreover H,(A) must be a finite abelian group, since it has 
rank 0. 
Universal covers. We pointed out at the beginning of the paper (see 
(1.5)) that the universal cover of a triangle geometry A is an afine building 
of type zz. The triangle geometry A is obtained by factoring out the action 
of a suitable group of automorphisms of the building. This group is 
canonically isomorphic to the fundamental group 17,(A) of A (see (1.4) and 
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[IO, 16]), which is the topological fundamental group of the geometric 
realization of A (see (1.3)). The larger the group the smaller the triangle 
geometry, so tight triangle geometries play a special role here. 
(6.1) Remark. To every tight triangle geometry A there corresponds a 
group n of cohomological dimension 2 acting regularly on the points of 
some given type in an afftne building of type 2,. The homology groups of n 
with integer coefficients and trivial action of 17 are precisely the homology 
groups of A itself. 
This is a standard result since the building 2, which is the universal cover 
of A, is contractible [ 11. The reader should consult Serre [ 1 l] for a full 
discussion of such matters. 
For example, let A be one of the Frob(21) examples of antiflag type 
discussed above, and n its fundamental group. Then using the remarks on 
homology we know that I;rln’ is finite (rank Hi(n) = 0), H*(n) z 2 @ 2, 
and Hi(n) = 0 for i > 3. 
The fundamental group. The fundamental group of a tight triangle 
geometry d may be given by generators and relations, using our idea of a 
labelling of the flags of a residual plane E presented at the beginning of 
Section 3. 
(6.2) THEOREM. Let A be a tight triangle geometry. Let E be a residual 
plane with a labelling of its flags determined by A as in Section 3. Then the 
fundamental group of A is given by generators and relations as follows: 
Generators: @oints and lines of EJ 
Relations: p,, = L, = 1 for some fucedjlag (p,,, L,) 
PlLl=P2L2 for all pairs of Jrags (IJ,~L,)~ (pz9L,) 
having the same label. 
Proof Consider the geometric realization of A; it has three vertices v, , 
v2, v1 of types 1, 2, 3, respectively. In terms of a (labelled) residual plane E, 
the edges (i.e., panels) of types { 1,2}, (2, 3) and {3, 1) are the points, lines, 
and labels of this plane (see Section 3). Fix one chamber co whose edges are 
p,,, L,, 1, (point, line, label of E). Contract c0 to the vertex vi (this identifies 
v2 and vj with vr , and contracts p,,, L,, and 1, to v,), thus obtaining a CW- 
complex X with one vertex (see [7, p. 1171). The l-cells of X are the edges of 
A different from pO, L,, and 1, ; the 2-cells of X are the chambers of A 
different from c,,. If c # c, is a chamber with edges p, L, 1 (point, line, label), 
then we may consider it to be attached via the edges pL1 in that order, where 
we understand pO, L,, and 1, to be null edges (i.e., pLOl =pl). We may 
therefore determine the fundamental group by giving generators: points p, 
lines L, labels 1, together with relations: pO = L, = 1, = 1, and pLl= 1 
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whenever p, L, I are the edges of a chamber (see [7, p. 1171). Since pL1 = 1 
is equivalent to pL = I-‘, we may omit the labels from our set of generators, 
and write our relations as: pO = L, = 1, and p,L, =p2L2 whenever pl, L,, 1 
and pz , L,, I are the edges of two chambers. This is equivalent to saying that 
the flags (pl, L,) and (p2, L,) have the same label, as stated in our 
theorem. 1 
Note added in proojI It has recently been shown by Kohler, Meixner, 
and Wester that the groups G, and G, of Section 2 are arithmetic (see (1.6) 
and the Introduction); the cases of G, and G, remain open. 
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